Es wird die Existenz einer LOsung einer Klasse quasi-linearer Riemann-Hilbert-Probleme für eine holomorphe Funktion bewiesen.
,The existence of a solution of a class of quasi-linear Riemann-Hilbertproblems for a holomorphic function is proved.
S
Introduction. In recent papers of one of the author [5] [6] [7] a novel application of Schauder's fixed point theorem in the space of continuous functions is used . for provihg the existence of continuous solutions to some classes of nonlinear RieniannHubert problems for holotnorphic functions-in the unit disk. Here in similar manner ve prove the existence of solutions of the 1-Tardy class H2 to a class of quasi-linear Riemaun-Hilbert problems with sufficiently smooth coefficients by means of Tikhonov's fixed point theorem in the space of quadratic summable functions. Also the proof of continuity for the fixed point mapping could be simplified in comparison to the corresponding proofs in [5] [6] [7] . The problem may be considered as a generalization of related quasilinear Riemann-Hilbert-Poincaré problems for holomorphic functions.
-1. Stateineiit of problem. Let G: izI <1 be the'unit disk in th'e complex z plane with boundary I': 11 = 1, t = e(-t s it). We deal with the following quasi-linear Riemann-Hilb'ert problem.
-
Problem Q: Find a holomorphic function w(z) = u(z) + iv(z), z = x + iy, inG of the Hardy class H2 which satisfies the boundary condition
and the additional condition
The following basic Assumption A on the data is made:
is a (in gneral nonlinear) weakly-strongly-continuous mapping.
(
ii) W[u, v] : L2 (f) X L2 (f') --L2 (T') is a (in general nonlinear) weakly continuous mapping:
Assumption A is fulfilled, for instance, if (4) where the real-valued function G(t, U, V) satisfies the Carathéodory. condition (i.e., it is continuous with respect to (U, V) E It x R for almost all t E rand measurable with respect tot on ['for all U E R, V E R) and for all r> 0 an 'estimation of the form
G(t, U, V)
as I U + IVI r with gE and M,: L2(1') -+ L(P), j = 1, 2, are linear compact operators (cf. [4: Chap X, Th. 1.6 and Chap. V, 1]). If G(t, U, V) = a(t) + U + V with a E L(P), then it is only needed that M are linear continuous operators in L2(i').
2. Reduction to afixed pointequation. On account of (2)the boundary -condition (1) is equivalent to the following nonlinear functional equation for u(s)
where
and H denotes the Hilbert trasforni
The corresponding linear equation (5) 
function co E L2 (r) has the unique solution .
. .
where • .
• Proof: Let y. --,u in C(f'). In a first step we show the convergence of the L-
Itfollows from the estimation --
with the fixed constant
for x = p, 21). We denote by y,, the half of the oscillation of the funtions i a,, -u. Obviously,.','.-'-0. Therefore, Lemma la) is applicable for sufficiently large n and
COS
On the other hand, hy . Cauchy-Schwarz' inequality we have .
fexp (x(H,2 , -Hp)) dsfexp( -x(Hi -Hiz))ds (2.
-Therefore, again by Lenuiia la) f exp -Hz)) ds 2n cos xy. -
From (10) and (11) it follows'(9) since ' ->0. In a second step we prove the weak convergence exp (Hy.) -k exp (Hu) in L(fl: Due to (9) theL-norms of exp (H1 u) are uniformly bounded. Therefore it suffices to prove exp (H4u) -exp (Hft) in L1 (fl. Let tp E L,(P) be arbitrary. Then -
[exp (H) (s)-exp (Hg) (s)] p(s) ds
• ess sup (s)j f exp (H1u) () -exp (Hu) (g)j ds.
As shown in the proof above the right-hand integral expression tends to zero a it goes to infinity which implies the assertion. Finally the strong convergence of these functions isa consequence of the weak convergence and the convergence of their norms (9) where we used the Cauchy-Schwarz inequality and twice (8) . Therefore the assertion follows I • -- 
\Assumption B is fulfilled in case of (3) and (4) if (13) holds true with A = inf F(t, U, I') and A2 = sup F(t, U, V) , where the infimum and supremum is taken over t E F, U E R, V € 11, and IG(t, U, V)I ;5 00(t) with a fixed function Go E L2(f') uniformly in U ER, I' E R. Proof: Let w,, -to iii L2 (P) and put u = Nw, u,, = Nw,,. We denote by a, fli y, A, a, v, g, h, D, ji and a,,, j9,,, y,,, A,,, a,,, v,,, g,,, h,,, D,,, ii,, the functions (resp. constants) in formula (7) The boundary values of the real and imaginary , part of the solution w = u + iv satisfy the inequalities 1j ull, IIvI!2 ^5 R with the constant R given by Lemma 5.. -
•
